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A model framework is described for crystallization of a single solid species in a
well-mixed compartment at steady state. The model framework applies to both Type I (that
is, nonhigh yield) crystallization and Type II (high yield) crystallization. The framework
consists of population balances incorporating nucleation, growth, aggregation, breakage,
classification, and dissolution, coupled with mass and energy balances. The model allows
any number of product streams, any number of feed streams, one vapor product stream,
nonrepresentative sampling, but only one solid species. The numerical strategy used to
solve the resulting set of nonlinear integro-differential equations transforms them into a
matrix of algebraic equations. Two algorithms for the solution for Type I crystallization
are proposed, both of which consist of solving the material and energy balances sequen-
tially with the population balance and iterating around only one variable. Both algorithms
use an existing material and energy balance solution package, which is linked to the
population balance equations. The first solution algorithm solves the population balance
equations using a Newton–Raphson solver with finite-difference approximations for the
derivatives, converging around a variable related to the crystal mass and the number
density for each interval. The second algorithm solves the population balance equations
using a successive substitution technique with root bracketing and iterates around the
suspension density. The choice of algorithm depends on the nature of the system to be
modeled. A similar framework is suggested for the solution for Type II crystallization,
except that the iteration variable is the growth rate at a fixed supersaturation ratio. © 2005
American Institute of Chemical Engineers AIChE J, 51: 2942–2955, 2005

Introduction

This article addresses the specification of a generic model to
describe crystallization of a single solid species in a continuous

stirred tank as shown in Figure 1. The model uses a structure
consisting of input stream data (temperature, pressure, compo-
sitions, flow rates, and enthalpies) combined with a function
describing the particle size distribution (PSD).

The modeling of a particulate system necessitates the use of
the population balance equation (PBE), a statement of conti-
nuity for particulate systems, first introduced by Hulbert and
Katz1 and Randolph and Larson.2,3 The requirements necessary
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to completely determine the formation and dynamics of mul-
tidimensional particle distributions are covered in Randolph
and Larson,4 Ramkrishna,5,6 and in extensive detail in Houn-
slow and Wynn.7

There are various techniques available for solving PBEs (see
Ramkrishna5,6 for a general review). In this case, a discretiza-
tion method is used, which considers the PSD to consist of
groups of particles of different sizes, described by a vector of
values whose elements correspond to discrete particle sizes.
With a given set of input conditions, an appropriate set of
operating conditions, and information about crystallization
mechanisms, the model can describe the output stream. The
real strength of a model such as this is that the solution to the
PBE can be coupled to a thermodynamic package such as OLI
Systems Inc.8 or Aspen Plus9 that rigorously calculates the
supersaturation using the comprehensive solution chemistry
embodied in such a package.

For this model, there can be Kin streams flowing into the
vessel, each containing solid, liquid, or solid and liquid. Sim-
ilarly, there are Kout streams flowing out. There is also a stream
of vapor leaving and an indirect heat flow.

The model framework allows for nucleation, growth, aggre-
gation, breakage, classification, and dissolution. Destruction of
fines can be treated as two coupled crystallizers with classifi-
cation and dissolution of fines in one of them. It is important to
note that this is not an MSMPR (mixed suspension, mixed
product removal) model because it is possible to have non-
mixed product removal.

Population Balance

Consider the population balance equation (PBE) for a con-
tinuous stirred tank at steady state. There are Kin streams
flowing in, at volumetric rates Qk

in, bearing solids with number
densities nk

in(l). Similarly, there are Kout streams flowing out, at
volumetric rates Qk

in, bearing solids with number densities
nk

out(l). The tank has a volume V and within the tank the number
density is everywhere constant at n(l). This is illustrated in
Figure 2.

It must be noted that this representation is incomplete if
more than one solid species is present. For processes excluding
aggregation, a simple extension is to have a separate number
density for each solid; if aggregation is present, a different
approach is needed. This latter approach has been developed by
Hounslow et al.10 for two solid systems and can probably be
extended to multiple solids if desired. In the work discussed
here, it is assumed that only one solid is present.

Within the tank, the state of the solution (such variables as

temperature, pressure, and composition) is represented by a
vector of state variables, s.

The PBE at steady state is

�
k�1

Kin

Qk
innk

in�l � � �
k�1

Kout

Qk
outnk

out�l � � Vr�n�, l, s� (1)

where r[n�, l, s] is the density functional describing the net
rate of destruction of particles. For most purposes the heart of
the PBE is this term, and, provided that nk

out(l) can be written in
terms of n(l), the definition of r in terms of n(l) converts Eq. 1
into an equation to be solved for n(l).

Mechanisms

The identification of appropriate kinetic equations for the
various mechanisms included in the population balance equa-
tion is core to its predictive capacity. Thus, an overview is
presented here of some of the models available to describe the
various kinetic processes relevant to crystallization. Although
the various crystallization mechanisms and kinetics of nucle-
ation and growth, for example, are fundamental to the frame-
work, the choice of function relating the kinetics to the super-
saturation and other process variables is of much less
importance.

Nucleation. Nucleation is classified as being primary or
secondary, depending on the mechanisms through which it
occurs.11 Randolph and Larson4 consider the phenomenon of
nucleation and discuss a number of nucleation models. These
range from the fundamental Arrhenius-type expression for the
rate of homogeneous nucleation12 to one accounting for heter-
ogeneous effects.13 They conclude that an expression based on
the Miers nucleation model14 has been most successful in
matching experimental work. The formulation proposed by
Randolph and Larson for the nucleation rate B0, the number of
nuclei formed per volume per second, is

B0 � knuc
ii �c � c*�I (2)

where B0 is the nucleation rate (m�3 s�1), knuc
ii is the nucleation

rate constant, c is the solute concentration (kg m�3), and c* is
the equilibrium solute concentration (kg m�3).

It is presumed that knuc
ii can be a function of temperature but

that I is not.
Garside15 proposes an idealization of primary nucleation

based on a kinetic law formally identical to the thermodynamic
law for homogeneous nucleation (but where the parameters A
and B do not have the same physical meaning).

B0 � Ae��B/�ln2�S��� (3)

Figure 2. Balance region for PBE.

Figure 1. CST.
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where S is the supersaturation ratio.
Sohnel and Garside16 confirm a similar form for primary

homogeneous nucleation (applicable over a limited range of
supersaturation)

B0 � knuc
iii SI � knuc

iv cI (4)

where B0 is the nucleation rate (m�3 s�1), I is the kinetic
“order” of nucleation, S is the supersaturation ratio, c is the
solute concentration (kg m�3), and knuc

iIi and knuc
iv are nucleation

rate constants (m�3 s�1 and kg�1 s�1, respectively).
Although the nucleation rate constants knuc

iIi and knuc
iv have no

physical significance, Eq. 4 is very often used in practice.
Secondary nucleation, besides having an obvious depen-

dency on the level of supersaturation, is generally considered to
be related to the suspension density

B0 � knuc
v �S � 1�IMT

J (5)

where MT is the suspension density (kg m�3) and knuc
v is the

nucleation rate constant (kg�1 s�1).
The nucleation rate constant knuc

v is assumed to be related to
the stirring power and to exhibit a temperature dependency
according to an Arrhenius-type relationship.17 The exponent I,
which does not depend on temperature, lies between 0.5 and
2.5. The exponent J is generally assumed to be of the order of
1 and to depend slightly on temperature.18

Gahn and Mersmann19 proposed a new model for secondary
nucleation, in which a direct relationship was formulated be-
tween the crystallization kinetics and the frequency and energy
of particle–impeller collisions depending on a number of ma-
terial properties of the crystals. This model has been widely
accepted and is expressed as follows

B0 � �nuc�S � 1�IMT
JNimp

k (6)

where �nuc is the secondary nucleation rate constant (m3 kg�2)
and Nimp is stirrer speed (s�1).

To assess the predictions of the Gahn–Mersmann19 model,
Bermingham et al.20 evaluated three additional kinetic models
that had also been developed for crystallization processes dom-
inated by secondary nucleation and growth. In these models,
inter alia, the attrition rate is not simply a function of the
overall crystal concentration, but also of the crystal size distri-
bution. Bermingham concluded that these models,21-23 although
largely empirical, do provide significantly more physical in-
sight into the dominant crystallization phenomena than the
traditional power-law models.

Growth. Crystal growth is typically denoted by G, the
linear crystal growth rate, and usually has a supersaturation
dependency ranging from first to second order depending on
the rate-controlling step.11 McCabe24 proposed that the linear
rate of crystal growth is independent of size, an observation
that is conventionally called the 	L law. If l is defined as a
characteristic dimension, then the linear growth rate can be
defined as

G �
dl

dt
(7)

where G is the linear growth rate (m s�1), l is the characteristic
dimension (m), t is time (s), and the mass growth rate is defined
as

1

A

dm

dt
� 3

kv

ka
�sG (8)

where A is area of the crystal (m2), m is mass of the crystal
(kg), kv is the volume shape factor, ka is the area shape factor,
and �s is solid density (kg m�3).

Because crystal growth involves transport of the growth
units from the bulk of the solution to the surface of the crystal
and the incorporation of those units into the crystal lattice,
growth can be controlled by either diffusion or surface inte-
gration. Experimental determination of the growth kinetics
supported by microscopic examination of crystals often allows
determination of the prevailing growth mechanism.25

For diffusion-controlled growth (crystallization of com-
pounds with a high solubility, static crystallization, and crys-
tallization from viscous solutions25) the growth rate becomes

1

A

dm

dt
� 3

kc

1 � w
�c � c*� (9)

where kc is the mass-transfer coefficient (mol m�2 s�1), w is
the mass fraction of solute, and c � c* is the concentration
driving force (mol m�3).

The mass-transfer coefficient, kc � DAB/�, can be derived
from a number of correlations for the Sherwood number, Sh �
kcL/D, such as Sh � 2 
 0.6Re1/2Sc1/3,25 where DAB is the
binary diffusion coefficient (mol m�1 s�1), � is the diffusion
layer thickness (m), Re is the Reynolds number, and Sc is the
Schmidt number.

For surface integration controlled growth, Mullin26 identified
three possible mechanisms: spiral growth, growth by two-
dimensional nucleation, and rough growth, of which spiral
growth occurs most frequently. The general empirical equation
for surface integration controlled growth is26

G � kgrow�S � 1�I (10)

where G is the linear particle growth rate (m s�1) and kgrow is
the growth rate constant (m s�1).

In the spiral growth mechanism, which occurs at low super-
saturation levels, the growth units are incorporated only at
kinks on the crystal surface. A defect must first be generated on
the surface, whereafter growth proceeds layerwise on this de-
fect. This results in a spiral dislocation, which will continue to
propagate as long as growth continues. For spiral growth at
very low supersaturations, the exponent in Eq. 10 is I � 2 and,
for high supersaturations, I � 1.25

At relatively higher supersaturations, two-dimensional nu-
clei occur on the crystal surface and the necessary kinks for
further growth are generated. This is the two-dimensional nu-
cleation growth mechanism, for which the exponent in Eq. 10
becomes I � 2.

At higher supersaturations, growth units can attach them-
selves anywhere on the crystal surface and the surface becomes
rough. In this case, the exponent in Eq. 10 is I � 1.
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Besides the power-law formulation discussed above, other
growth rate formulations are either a size-dependent linear
growth rate27-29 or growth rate dispersion.30-32

Aggregation. The first contribution to a model for particle
aggregation was from Smoluchowski, who developed an ag-
gregation frequency for particles aggregating by Brownian
motion.33 Subsequently, the practice has been to describe aggre-
gation in terms of an aggregation kernel, a measure of the fre-
quency with which a particle of size l aggregates with one of size
�. Implicit in this description is the assumption that all particle
collisions are binary in nature; in other words, the particle con-
centration is relatively low. Sastry34 first proposed that the aggre-
gation kernel � be viewed as the product of two factors

��L, �� � �0f�L, �� (11)

The first factor, �0, is the size-independent portion of the rate
constant and depends on operating conditions such as the local
fluid velocity field and chemical environment, whereas the
second factor, f (L, �), is some function of particle size and
often reflects the mechanism of aggregation. Table 135 summa-
rizes a range of aggregation kernels formulated in this way.

Breakage. Birth and death rates of particles arising from
breakage have been defined by Prasher36 and are reformulated
in Nicmanis and Hounslow37 as number-based quantities. In the
rate expressions, the breakage selection rate constant [S(l, s)] is the
rate at which a fragment of a particle of size l will be selected to
break. In the case study by the same workers,37 a binary breakage
function and size-dependent breakage rate are used.

Ramkrishna5 formulates an ad hoc model for breakage in
which breakup of particles occurs independently of each other.
The breakage frequency S(l, r, s, t) is thus sufficient to char-
acterize the rate of destruction of particles of state (l, r) at time
t, where r is the location in physical space and t is time
dependency. This formulation is consistent with that suggested
by Randolph and Larson4 in a general description of empirical
birth and death processes. For simplicity of formulation, the
rate at which particles are selected for breakage can be con-
sidered to be independent of spatial position and, at steady state,
the time dependency falls away. Hounslow et al.38 use a breakage
function for which there is an analytical solution. The selection
rate is taken to increase simply with size cubed and the binary
breakage function is formulated as one that gives uniform prob-
ability of all fragment sizes on a volume scale. That is

S�l, s� � kbreakl
m (12)

where S is the breakage selection rate (s�1), kbreak is the
breakage rate constant (s�1 m�3), l is the particle size (m), and

b�l, x, s� �
6x2

l3 (13)

Similarly, Attarakih et al.,39 in their model of droplet break-
age, use the following functional form for the breakage selec-
tion rate function

S�l � � kbreakl
m (14)

where kbreak and m are positive parameters. For the daughter
droplet distribution, b(l, x) can have two functional forms:

(1) Uniform daughter droplet distribution, where it is as-
sumed that there is an equal chance to form a daughter droplet
of any smaller size when a mother droplet breaks up and thus
the distribution is independent of daughter droplet volume

b� x, l � �
2

l
(15)

(2) Parabolic daughter droplet distribution, where it is as-
sumed that there is a greater or lesser chance to form two
daughter droplets of different sizes upon breakage of the
mother droplet

b� x, l � �
24� x2 � xl � � 6l2

l3 (16)

Classification. A simple approach to classification is to
specify the cut size of fines.4 A more comprehensive approach
is to consider segregation as a function of energy dissipation
and particle size11 or to include the effect of superficial flow
velocity, flow direction, viscosity, and density difference be-
tween the liquid and the solid phases.11

Another approach is one where the selection function is a
function of size and the state of the vessel contents. The form
of the function, applied to stream k, is

yk�l, s� � H�l � l0� (17)

where yk(l, s) is the selection function for stream k as a function
of size and solution conditions and H(l � l0) is the Heaviside
step function.

In this case, stream k is a representative sample of the bulk
for sizes greater than some value l0, but containing no particles
smaller than that size. Thus

nk
out � H�l � l0�n�l � (18)

where nk
out is the number density of stream k out (m�4) and n(l)

is the number density of vessel contents (m�4).
The hydrocyclone literature also has some useful size selec-

tivity equations. For example, Plitt and Kawatra40 propose the
following equation for the cut size

d50�c� �
14.8Dc

0.46Di
0.6Do

1.21e0.063V

Du
0.71h0.38Q0.45��S � �L�0.5

(19)

Table 1. Aggregation Kernels after Bramley et al.35

Mechanism Kernel �(l, �)

Size independent �0

Brownian motion (Smoluchowski, 1917) �0(l 
 �)(l�1 
 ��1)
Gravitational (Berry, 1967) �0(l 
 �)2(l � �)
Shear [Smoluchowski (1917) and Low

(1975)] �0(l 
 �)3

Particle Inertia (Drake, 1972) �0(l 
 �)2(l2 � �2)
Thompson kernel, empirical (Thompson,

1968) �0(l3 � �3)/(l3 
 �3)
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where d50(c) is the “corrected” d50 (�m); Dc, Di, Do, and Du

represent the inside diameters of hydrocyclone, inlet, overflow,
and underflow, respectively (cm); V is the volumetric percent-
age of solids in the feed; h is the distance from the bottom of the
vortex finder to the top of the underflow orifice (cm); Q is the flow
rate of feed slurry (m3 h�1); and �S and �L represent the density of
solids and density of liquid, respectively (g cm�1).

The “corrected” d50 is taken from the “corrected” classifi-
cation curve. The corrected d50 is calculated by assuming that,
in all classifiers, solids of all sizes are entrained in the coarse
product liquid by short-circuiting in direct proportion to the
fraction of feed water reporting to the underflow.41

Lynch and Rao42 used weight percent solids, instead of using
volume percent solids as in Eq. 19. Their model for calculating
cut size is expressed as

log10d50�c� � 0.0173�w � 0.0695Du

� 0.0130Do � 0.0048Q � K1 (20)

where �w is the weight percent solids in the feed slurry and K1

is a constant.
Dissolution. Kramer et al.43 used the method proposed by

Jager44 where the kinetic dissolution rate is calculated as a
function of a mass-transfer coefficient and relative supersatu-
ration. In another work, the same authors11 observe that disso-
lution is practically always limited by the mass-transfer step.
Both the rate of dissolution and the rate of mass transfer limited
growth will thus be limited by the local energy dissipation.
Bermingham et al.20 used a kinetic expression that has a first-
order dependency on the supersaturation to describe the disso-
lution rate in their population balance equation. The rate con-
stant for dissolution is calculated as follows

kc�l � �
DAB

l �2 � 0.8�	� l4


L
3 �1/5� 
L

DAB
�1/3� (21)

where

	� �
NeNimp

3 Dimp
5

V
(22)

and kc is the mass-transfer coefficient (ms�1), DAB is the binary
diffusion coefficient (m2 s�1), l is crystal length (m), 	 is the
specific power input (W kg�1), 
L is the kinematic viscosity of
the liquid (m2 s�1), Ne is the power number (also known as the
Newton number), Nimp is impeller frequency (s�1), Dimp is
impeller diameter (m), and V is tank volume (m3).

Dissolution can also be incorporated as a size-independent
shrinkage rate constant

D�l, s� � D (23)

where D is the shrinkage rate constant (m s�1), or as a mass
transfer limited process, as follows

D�l, s� �
2kc�c � c*�

�m
(24)

where kc is the mass-transfer coefficient (ms�1), c � c* is the
concentration driving force (mol m�3), and �m is the molar
density of particles (mol m�3).

Despite this wealth of information relating to crystallization
mechanisms, reporting of modeling studies in the open litera-
ture relating to the solution of PBEs tends to fall into one of
two categories. In the first category, the studies restrict them-
selves to a specific system and its measured kinetics and focus
on the validation of models with experimental data. In the
second category, studies tend to focus on the numerical aspects
of solving the PBE, are usually restricted to the very simplest
of generic mechanisms, and neglect to use the formulations that
are considered to most accurately model the phenomena being
considered.

In the first category, numerous studies are presented in the
literature. Even the very comprehensive work undertaken by
Bermingham et al.20 is limited to the ammonium sulfate sys-
tem. In the second category, Kumar and Ramkrishna,45 in
demonstrating a new discretization method for solving PBEs,
use their technique to simulate various combinations of initial
conditions, nucleation, growth, and aggregation. The functions
for all the mechanisms considered are various combinations of
exponential and gamma initial distributions; constant, linear,
and size-dependent nucleation rates; constant, linear, and size-
dependent growth rates; and constant and sum aggregation
kernels. Kiparissides and Alexopoulos46 consider only con-
stant, block pulse, and size-dependent and/or surface area–
dependent nucleation rates; constant and size-dependent
growth rates; and a Brownian aggregation rate kernel.

This work, however, is proposed to be truly generic, in that
practically any chemical system for which there is thermody-
namic data may be considered. In addition, the framework
incorporates a comprehensive selection of kinetic processes
relevant to crystallization and allows the selection of kinetic
models for the processes that are believed to most accurately
model the various phenomena.

The overall PBE

Once the exit flow term has been modified for classification,
and the terms for net rate of destruction attributed to nucle-
ation, growth, dissolution, aggregation, and breakage have
been incorporated, the maximal form of the PBE is47

�
k�1

Kin

Qk
innk

in�l � � n�l � �
k�1

Kout

Qk
outyk�l, s� � V��B0�s� fnuc�l, s�

�
d

dl
�G�l, s�n�l �� � D0��l � �

d

dl
�D�l, s�n�l ��

�
1

2 �
0

l

��3�l3 � x3, x, s�� l
3�l3 � x3�2

n�3�l3 � x3�n�x�dx

� n�l ��
0




��l, x, s�n�x�dx � S�l, s�n�l �

��
l




S�x, s�b�l, x, s�n�x�dx	 (25)

2946 AIChE JournalNovember 2005 Vol. 51, No. 11



subject possibly to the boundary conditions n(
) � n(0�) � 0,
where

yk�l, s� (26)

is the selection function or grade efficiency and is a function of
size and the state of the vessel contents

�B0�s� fnuc�l, s� (27)

is the rate of destruction of particles attributed to nucleation



d

dl
�G�l, s�n�l �� (28)

is the rate of destruction of particles stemming from growth


D0��l � �
d

dl
�D�l, s�n�l �� (29)

is the rate of destruction of particles attributed to dissolution
and D0�(l), the rate of disappearance, is a bookkeeping term to
prevent the occurrence of particles of negative size

�
1

2 �
0

l

��3�l3 � x3, x, s�� l
3�l3 � x3�2

n�3�l3 � x3�n�x�dx

(30)

is the rate of destruction of particles stemming from aggregation
and


S�l, s�n�l � ��
l




S�x, s�b�l, x, s�n�x�dx (31)

is the rate of destruction of particles stemming from breakage.
The moment transformation so often used in the application

of PBEs to process models is not possible for arbitrary size
dependency. It is, however, possible to make a partial trans-
formation for the third moment

m3 � �
0�




l3n�l �dl (32)

Transformation of Eq. 25 gives

�
k�1

Kin

Qk
inm3k

in � �
k�1

Kout

Qk
outm3k

out�s� � Vr3 (33)

where

r3�n�, s� ��
0�




l3r�n�, l, s�dl (34)

is a function of [�B0(s)f nuc(·, s), G(·, s), D(·, s), n(·)] and
y�3(s) � �0�


 l3y(l, s)dl.
Replacing the third moment with the suspension density

MT � �SkVm3 � �SkV �
0�




l3n�l �dl (35)

gives

�
k�1


in

Qk
inMTk

in � �
k�1


out

Qk
outMTk

out � V�SkVr3 (36)

This last equation has a crucial role in coupling the material
and population balances.

Numerical form of the PBE

Analytical solutions for Eq. 25 are scarcely ever available, so
it follows that some numerical strategy will be required. All
such numerical strategies known to the authors represent the
size distribution at a vector of sizes l, at neq discrete points

l � �l1, l2, . . . , lneq� (37)

by neq discrete values N, related reasonably directly to the
number density

N � �N1, N2, . . . , Nneq� (38)

In this report, it is assumed that each of the Ni is the number of
particles, per unit volume of suspension, in the size range (li,
li
1), that is

Ni � �
li

li
1

n�l �dl (39)

In the most sophisticated discretization strategies, the values
for l are chosen and adjusted adaptively by the algorithm as it
solves for values for N. This approach offers high accuracy and
short execution times at the cost of very complex program-
ming, and is not pursued here. A more tractable family of
discretization strategies involves fixing the vector l for the
entire problem. In this case virtually all strategies adopt a
geometric discretization of the size axis so that the ratio

r �
li
1

li
� 21/3q q � J
 (40)

is a constant.47 Satisfactory accuracy for CST problems is
usually achieved with r � 21/3 so that, for a 1000-fold range of
particle sizes, neq � 30 is required. (For growth-dominated
PFR problems a value of r � 21/12 may be needed in which
case, for the same size range neq � 120 is needed.)

The discretized form of Eq. 33, the discretized population
balance equation (DPBE), is
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�
k�1

Kin

Qk
inNk,i

in �l � � �
k�1

Kout

Qk
outNk,i

out�l � � VRi�N, s� i � 1· · ·neq

(41)

where Nk,i is the number of crystals per unit volume in the kth
stream and the ith size interval and Ri is the rate of destruction of
particles in the ith size interval. The classification functions relate
the exit stream size distributions to the size distribution in the bulk

Nk,i � yk�l�i� Ni (42)

where the average size in the ith size interval is

l�i �
1 � r

2
li (43)

The discrete forms of Eqs. 35 and 36 are

MT � �SkVm3 � �SkV �
i�1

neq

l�i
3Ni (44)

and

�
k�1

Kin

Qk
inMTk

in � �
k�1

Kout

Qk
outMTk

out � V�SkV �
i�1

neq

l�i
3Ri (45)

The task now is to determine expressions for Ri.

Nucleation, growth, and dissolution

To resolve the issue of how to apply the boundary condition
at zero size, it is necessary to consider nucleation, growth, and
dissolution (ngd) together. Thus, adapting Hounslow et al.47 to
incorporate dissolution

Ri
ngd � 


D0 � B0f1
nuc �

2

�1 � r�l1
��1 �

r2

r2 � 1��D1 � G1�N1 �
r

r2 � 1
�D2 � G2�N2� i � 1

�B0fi
nuc �

2

�1 � r�li
� r

r2 � 1
�Di�1 � Gi�1�Ni�1 � �Di � Gi�Ni �

r

r2 � 1
�Di
1 � Gi
1�Ni
1� 1 � i � neq

�B0fneq

nuc �
2

�1 � r�lneq

� r

r2 � 1
�Dneq�1 � Gneq�1�Nneq�1 � �Dneq � Gneq�Nneq� i � neq

(46)

The D0 term, the rate of disappearance, in Eq. 46 is not a
constitutive equation, unlike the nucleation rate constant B0,
but just a bookkeeping term to prevent the occurrence of
particles of negative size. Further evidence is that the mag-
nitude of D0 depends on the solution to the PBE, not on
conditions in the vessel, such as supersaturation. As shown
in Eq. 49, the value of D0 depends on n(0
) and cannot be
determined without knowledge of that value. By contrast the
nucleation rate depends on the state of the vessel.

For the continuous system of equations, the boundary con-
dition to be applied, n(0�) � 0, results in

D0 � �B0 � �D�0
, s� � G�0
, s��n�0
� fnuc � ��l �
�D�0
, s� � G�0
, s��n�0
� fnuc continuous (47)

If the rate of growth at zero size is greater than the rate of
dissolution, the rate of disappearance will be zero, in which
case we have

D0 � � 0 D�0
, s� � G�0
, s� � 0
B0 � �D�0
, s� � G�0
, s��n�0
� fnuc � ��l �

�D�0
, s� � G�0
, s��n�0
� fnuc continuous
(48)

It is probably most sensible to apply this equation on the first size
interval and to represent n by a first-order difference, in which
case

D0 � 

0 D1 � G1 � 0

B0 � �D1 � G1�
N1

l2 � l1

fnuc � ��l �

�D1 � G1�
N1

l2 � l1

fnuc continuous

(49)

Aggregation
The full form for arbitrary q, given by Litster et al.48 and

refined by Wynn, is49

Ri
agg � � �

j�1

i�	1

�i�1, jNi�1Nj

2� j�i
1�/q

21/q � 1

� �
p�2

q �
j�i�	p�1

i�	p

�i�p, jNi�pNj

2� j�i
1�/q � 1 � 2�� p�1�/q

21/q � 1
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�
1

2
�i�q,i�qNi�q

2

� �
p�1

q�1 �
j�i
1�	p

i
1�	p
1

�i�p, jNi�pNj

�2� j�i�/q � 21/q � 2�p/q

21/q � 1

� �
j�1

i�	l
1

�i, jNiNj

2� j�i�/q

21/q � 1
� �

j�i�	1
2




�i, jNiNj (50)

where

	p � Int�1 �
q ln�1 � 2�p/q�

ln 2 � (51)

and Int[x] subtracts the fractional part (if any) from x. Note that
care must be taken here when calculating the value of 	p

because of rounding errors when the integer part of the calcu-
lated expression is extracted.

Breakage

The discrete form developed by Hounslow et al.38 is

Ri
break � SiNi � �

j�i

neq

bi, jSjNj (52)

Although this seems a very simple recasting of the continuous
form of the equation, it must be understood that the Si and bi,j

cannot be deduced by evaluating the continuous functions at
l�i and l�j. Instead, a more complicated process is required (see
Eqs. 31 and 34 in Hounslow et al.38).

Solving the DPBE

The maximal form of the DPBE is obtained by combining
Eq. 41 with Eqs. 42, 46, 50, and 52

�
k�1

Kin

Qk
inNk,i

in � Ni �
k�1

Kout

Qk
outyk,i � VRi�N, s� � V�Ri

ngd � Ri
agg

� Ri
break� i � 1· · ·neq (53)

For a problem where the feed size distributions are given, Eq.
53 provides neq equations in neq unknowns: that is, the vector
of Ni values, N. Solving the DPBE is then a matter of solving
these neq equations for these neq unknowns.

Irrespective of the sophistication of the method or fineness of
the discretization used, Eq. 25 is transformed into neq simulta-
neous nonlinear algebraic equations

ai � BiN � NTCiN � 0 i � 1, 2, . . . , neq (54)

where ai is a (different) constant for each equation, Bi is a
(different) vector of constants (of length neq) for each equation,
and Ci is a (different) matrix of size neq � neq for each
equation.

Embedded within this is the discrete equivalent of Eq. 42

Ni,k � yk,iNi (55)

The suspension density is calculated from

MT � �SkV �
i�1

neq

l�i
3Ni (56)

There are two possible solution strategies for the discretized
population balance equations. The most obvious solution strat-
egy is to solve the (neq 
 1) equations using a simple nonlinear
equation solver with numerical estimation of the Jacobian
(where the extra equation is Eq. 56). This has been found to be
a robust and simple-to-implement technique50 and this is one of
the strategies that has been adopted here. A Newton–Raphson
technique has been implemented, with finite-difference approx-
imations for the derivatives. The system of equations is
“dense” because all equations involve all unknowns. Nonethe-
less, robust convergence is obtained even with poor initial
estimates of the solution and a numerical Jacobian. However,
the expense of evaluating the Jacobian is considerable, and so
other approaches are desirable.

The second solution strategy uses the observation that, in the
absence of aggregation, Eq. 53 is in fact linear in N. With that
observation, it is useful to write Eq. 53, with the results of Eqs.
46 and 52 but without Eq. 50 shown explicitly. For example,
with 1 � i � neq, this becomes

�
k�1

Kin

Qk
inNk,i

in � Ni �
k�1

Kout

Qk
outyk,i � V� � B0fi

nuc

�
2

�1 � r�li
� r

r2 � 1
�Di�1 � Gi�1�Ni�1 � �Di � Gi�Ni

�
r

r2 � 1
�Di
1 � Gi
1�Ni
1� � SiNi � �

j�1

neq

bi, jSjNj � Ri
agg	

This equation, and the results for i � 1 and i � neq, may be
written as a set of equations

A � BN � 0 (57)

where A is a column vector of length neq and B is an neq � neq

matrix that can be decomposed into two matrices, E a tridi-
agonal matrix and F an upper-right triangular matrix

B � E � F (58)

A � �
A1

A2

···

Aneq

� (59)
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E � �
b1 c1 0 · · · · · · 0
a2 b2 c2

···
0 a3 b3 c3

······
· · ·

· · ·
· · ·

······ aneq�1 bneq�1
cneq�1

0 · · · · · · · · · aneq bneq

� (60)

F � �
F1,1 F1,2 F1,3 · · · · · · F1,neq

0 F2,2 F2,3 · · · · · · F2,neq

0 0 F3,3
······

· · ·
· · ·

· · ·
······ 0 Fneq�1,neq�1 Fneq�1,neq

0 · · · · · · · · · 0 Fneq,neq

�
(61)

and the elements of A and B are

Ai � 
� �
k�1

Kin

Qk
inNk,1

in � VB0f1
nuc � VD0 � VR1

agg i � 1

� �
k�1

Kin

Qk
inNk,i

in � VB0fi
nuc � VRi

agg 1 � i � neq

(62)

ai �
2Vr�Di�1 � Gi�1�

�1 � r��r2 � 1�li
1 � i � neq (63)

bi � 

2V�D1 � G1�

�1 � r��r2 � 1�l1
� VS1 � �

k�1

Kout

Qk
outyk,1 i � 1

2V�Di � Gi�

�1 � r�li
� VSi � �

k�1

Kout

Qk
outyk,i 1 � i � neq

(64)

ci � �V
2

�1 � r�li

r

r2 � 1
�Di
1 � Gi
1� 1 � i � neq

(65)

Fi, j � �Vbi, jSj 1 � i � neq; j 
 i (66)

It may be seen that, for any one set of conditions for which
the DPBE is to be solved, B is a constant, from which it follows
that B�1 is also a constant. On the other hand, A depends on the
aggregation rate, which in turn depends on N by Eq. 50. The
strategy is to invert Eq. 57 to give

N � �B�1A�N� (67)

where now A is shown explicitly to be a function of N.
Equation 67 may be applied iteratively using the following
algorithm:
1. Assemble B
2. Find B�1

3. While N is changing, Do:
a. Calculate A
b. Determine N from Eq. 67

4. Exit

The Material and Energy Balances
Stream data

Representation of two types of streams is included: solid–
liquid streams and vapor-only streams. Within each stream data
specification, flows are represented as species molar flows for
each phase and some redundant data are included to prevent
frequent recalculation. For a system containing J species the
stream specifications are as shown in Table 2.

The material balance

The material balance states simply that the molar flow in of
each species equals the molar flow out of that species

�
k�1

Kin

ṅTk

in � �
k�1

Kout

ṅTk

out � ṅV � ��̇ (68)

where � is a matrix of stoichiometric coefficients for the E
independent solution-phase chemical reactions taking place
with reaction rates given by the vector �̇. Note that the pro-
duction of solid does not count as a reaction here, given that
Eq. 68 counts, for example, NaCl(aq) with the same species
number as that of NaCl(s). The rate of generation of solid can
be deduced from the PBE, Eq. 25. The mass balance couples
directly to the PBE by the suspension density MT, as given in
Eq. 36, which in turn can be related to the molar flows as
follows

MT,k �

�
i

MR,iṅSk,i

1

�S
�

i

MR,iṅSk,i �
1

�L
�

i

MR,iṅLk,i

(69)

where MR,i is the relative molar mass for species i and �S and
�L are the mass densities for the solid and liquid phases,
respectively.

Table 2. Stream Definitions

Variable Unit Symbol

Stream
Type

SL V

Temperature °C T ● ●
Pressure Pa P ● ●
Total flow mol s�1 ṅT ● ●
Total solid flow mol s�1 ṅST ●
Total liquid flow mol s�1 ṅLT ●
Liquid species

flows mol s�1 ṅL � (ṅL1
, ṅL2

, . . . , ṅLJ
) ●

Solid species flows mol s�1 ṅS � (ṅS1
, ṅS2

, . . . , ṅSJ
) ●

Vapor species
flows mol s�1 ṅV � (ṅV1

, ṅV2
, . . . , ṅVJ

) ●
Volumetric flow m3 s�1 Q ●
Specific enthalpy J mol�1 H ● ●
Size distribution m�3 N � (N1, N2, . . . , Nneq

) ●
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It will usually be the case that the solution composition of all
exiting liquid streams will be the same so that, if the mol
fractions of each species in solution in the vessel are x, then

ṅLk,i

ṅLTk

� xi (70)

where ṅLTk
is the total molar flow of liquid in stream k. The

total flow for each stream is

ṅTk � ṅSTk � ṅLTk (71)

Similarly, if the solid has mol fractions xS

ṅSk,i

ṅSTk

�xSi (72)

and the vapor mol fractions xvap

ṅi
vap

ṅT
vap � xi

vap (73)

The volume flow rate for the solid–liquid streams may be
determined from

Qk � �
i�1

J

MR,i�ṅSk,i

�S
�

ṅLk,i

�L
� (74)

The energy balance

The energy balance can be written most succinctly in terms
of the specific enthalpies H. The balance is

�
k�1

Kin

ṅTk
in Hk

in � �
k�1

Kout

ṅTk
outHk

out � ṅT
vapHvap � �q (75)

It is to be expected that the specific enthalpy of the solution
and of the solids in each of the exit streams will be the same as
that in the vessel, that is,

ṅTkHk � ṅTSkHS � ṅTLkHL (76)

In addition, it is assumed that all exit streams have the same
temperature and pressure as those of the vessel

Tk
out � Tvap � T Pk

out � Pvap � P (77)

Solving the Balance Equations
Problem specification

A standard specification would be
● Complete description of the feedstreams
● Total flow rates of all but one of the solid–liquid exit

streams
● Crystallization kinetic equations: B0(s), f nuc(l, s), G(l, s),

D(l, s), �(l, x, s), S(l, s), b(l, x, s)

● Heat input, q
● Vessel size, V
● Selection functions yk(l)
● Composition of the vapor stream
● Vessel operating pressure

Unknowns to be determined

The model must then determine the complete specification of
the product streams

● Solid liquid streams: (7 
2J 
 neq) � Kout variables
● Vapor stream: 4 
 J
● Vessel conditions: T, x, HS, HL, MT, Ẋ�, N, that is, 3 
 J


 E 
 neq (note that x counts as J � 1 unknowns)
● The rate constants, such as B0, G0, D, �, S (that is, 5)

The total number of unknowns is: (7 
 2J 
 neq) � (Kout 
 1)

 5 
 E

Equations available

In Table 3, the available equations for a Type I (that is,
nonhigh yield) crystallization are presented. So, for example,
for a system

● with three cations, three anions, four complexes, and wa-
ter, that is, J � 11

● four independent reactions, E � 4
● two exit streams, that is, Kout � 2
● neq � 30

the total number of equations to be solved is (7 
 22 
 30) �
(2 
 1) 
 5 
 4 � 186. For a Type II, or high-yield system,
one of the kinetics equations would be lost, and an additional
equilibrium equation (for the solid) asserted.

Tearing

There are many commercial thermodynamic modules that
allow the solution of material and energy balance problems,8,9

so it seems sensible to use these and therefore to deconstruct
the problem between the thermodynamic calculations on the
one hand and the population balances on the other hand. The
supersaturation ratio is calculated at a fixed T, P, composition,
and mass of crystal precipitated. The supersaturation ratio then
allows the calculation of the kinetic parameters to be used in
the solution of the population balances. In fact, this is the real
strength of a model such as this. Coupling the solution to the
PBE to a thermodynamic package means that the supersatura-
tion is rigorously calculated on the basis of the comprehensive
solution chemistry embodied in such a package.

The solution of the population balances then allows the
calculation of a new vector of number of particles (Ni) and the
mass of crystal precipitated from the suspension density.

Thus, for Type I systems, the iteration occurs over (neq 
 1)
variables. For Type II systems, the algorithm still applies, but
it is necessary to iterate over the growth rate.

Type I Systems: Newton–Raphson Solution Algorithm
1. Estimate Mc, the total crystal mass in the crystallizer

produced by crystallization, by varying Mc to match the user-
specified estimate of the supersaturation ratio. Compute umc, a
transform of Mc, as follows

umc � �ln�1 �
Mc

Mcmax
� (78)
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This transform prevents Mc from exceeding the maximum
amount of solute available Mcmax and is used only for this
purpose in the algorithm. For classified product removal, the
calculated value of Mcmax is the same as that for mixed product
removal because it is merely used as the upper numerical
bound.

2. Estimate a starting value for Ni such that MT (suspension
density) � Mc/Vm.

3. Calculate MT, the suspension density, for the current set
of Ni values.

4. Calculate the supersaturation ratio S for the current
value of Mc, the mass of crystal precipitated.

5. Calculate the predicted value of the mass of crystal
precipitated, Mc_calc from

Mc_calc �
MTVm

1 � �MT

�c
� (79)

6. Calculate the kinetic rate constants from the vector s.
7. Compute the error for RHS(i) as �¥ {[RH-

S(i) of Eq. 48]2}. Compute the error for RHS(neq 
 1) � Mc �
Mc_calc.

8. Compute the derivatives d(Eq. 53)/dNi using finite dif-
ferences.

9. Compute the derivatives d(Eq. 53)/dumc.
10. Compute corrections to the Ni and umc from the solution

of

Ax � b

where A is the the Jacobian; b is the RHS vector of errors in the
material and energy balances and Mc � Mc_calc; x represents
corrections to the variables Ni and umc, designated �Ni and
	umc.

11. Set � � 1.
12. Update Ni using Ni(k 
 1) � Ni(k) 
 �(�Ni) and umc(k


 1) � umc(k) � �(	umc), where k is the iteration number.

13. Compute Mc from

Mc � Mcmax�1 � exp��umc�� (80)

14. Compute a new error using steps 3–8.
15. If the error was reduced, check for convergence. In this

case, the tolerance is 1.0E-6. If converged, exit.
16. If the error was reduced but not converged, go to step 3

and calculate another Newton step.
17. If the error was not reduced, set � � �/4 and go to step

12 to take a shorter step in the direction of the Newton
correction.

Type I Systems: Successive Substitution with Root-Bracket-
ing Solution Algorithm. The root–bracketing algorithm be-
low is used to solve Eq. 36 for the suspension density MT.

1. Perform a mass and energy balance assuming no solid is
precipitated.
a. Denote MT as MT

0.
b. Calculate the kinetic rate constants from the vector s.
c. Solve the PBE; note the error in Eq. 36 as 	0.

2. Perform a mass and energy balance assuming solid is pre-
cipitated to form a saturated solution.
a. Denote MT as MT

max.
b. Calculate the kinetic rate constants from the vector s.
c. Solve the PBE; note the error in Eq. 36 as 	max

3. If 	0 � 	max � 0, exit with error.
4. If 	0 � 0,

a. then set MT
1 � MT

0, MT
2 � MT

max, 	1 � 	0, 	2 � 	max

b. else set MT
1 � MT

max, MT
2 � MT

0, 	1 � 	max, 	2 � 	0

5. Set MT � 0.5(MT
1 
 MT

2).
a. Solve the material and energy balance with the mass

precipitated corresponding to MT.
b. Calculate the kinetic rate constants from the vector s.
c. Solve the PBE; note the error in Eq. 36 as 	.
d. If 	 � 	1 � 0,

i. then MT
1 � MT, 	1 � 	

ii. else MT
2 � MT, 	2 � 	

6. Do While 
 	 
 � tol. � 
 	0 


Table 3. Equations Available

Source Equation Instances

Thermodynamics HL(T, P, x) 1
HS(T, P) 1
Hvap(T, P, xvap) 1
T(P, x) 1
Equilibria E

Population balance 54 neq

Kinetics Given 5
Classification 55 neq � Kout

Material balance 68 J
Solid flow 56, 69 Kout

Definition of suspension density 56 1
Solution composition 70 J � Kout

Total flows 71 Kout

Solid composition 72 J � Kout

Energy balance 75 1
Steam enthalpies 76 Kout

Equilibration of T and P 77 2(Kout 
 1)
Vapor species flows 73 J
Exit flows Given Kout � 1
Volume flows 74 Kout

Total (7 
 2J 
 neq) � (Kout 
 1) 
 5 
 E
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a. MT � 0.5(MT
1 
 MT

2).
b. Solve the material and energy balance with the mass

precipitated corresponding to MT.
c. Calculate the kinetic rate constants from the vector s.
d. Solve the PBE; note the error in Eq. 36 as 	.
e. If 	 � 	1 � 0,

i. then MT
1 � MT, 	1 � 	

ii. else MT
2 � MT, 	2 � 	

7. Exit.

For type I crystallization, the choice of the most appropriate
algorithm depends on the nature of the system to be modeled.
For cases where the index of aggregation (Iagg) is small, where
Iagg � 1 � (m0/B0�) � 0.333, it is appropriate to use the
successive substitution method because this will converge eco-
nomically and rapidly. For cases with higher indices of aggre-
gation, the Newton–Raphson solver is more appropriate, given
that the nonlinearity introduced by the aggregation terms be-
comes more significant. This is covered in more detail in a
subsequent article.

Type II Systems: Successive Substitution with Root-Bracket-
ing Solution Algorithm. The root-bracketing algorithm below
is used to solve Eq. 36 for the size-independent portion of the
growth rate G0, starting from a pair of first guesses (0, G0

max)
1. Perform a mass and energy balance with solid precipitated to

form a saturated solution.
2. Solve the PBE with G0 � G0

0 � 0; note the error in Eq. 36
as 	0.

3. Solve the PBE with G0 � G0
max; note the error in Eq. 36 as

	max.
4. Do While 	0 � 	max � 0

a. G0
max � 2G0

max.
b. Solve the PBE with G0 � G0

max; note the error in Eq. 36
as 	max.

5. If 	0 � 0,
a. then set G0

1 � G0
0, G0

2 � G0
max, 	1 � 	0, 	2 � 	max

b. else set G0
1 � G0

max, G0
2 � G0

0, 	1 � 	max, 	2 � 	0.
6. Set G0 � 0.5(G0

1 
 G0
2).

a. Solve the PBE; note the error in Eq. 36 as 	.
b. If 	 � 	1 � 0,

i. then G0
1 � G0, 	1 � 	

ii. else G0
2 � G0, 	2 � 	.

7. Do While 
 	 
 � tol. � 
 	0 

a. G0 � 0.5(G0

1 
 G0
2).

b. Solve the PBE; note the error in Eq. 36 as 	.
c. If 	 � 	1 � 0,

i. then G0
1 � G0, 	1 � 	

ii. else G0
2 � G0, 	2 � 	.

8. Exit.

Conclusions

The modeling of a single continuous stirred tank crystallizer
with any number (�1) of product streams, any number of feed
streams, one vapor product stream, nonrepresentative sam-
pling, and only one solid species has been described.

The mechanisms allowed are nucleation, growth, aggrega-
tion, dissolution, breakage, and classification.

The model constitutes coupled material, energy, and popu-
lation balance equations.

The population balance equation, Eq. 25, serves two roles:

(1) It links the size distribution from a crystallizer to the
kinetics of the processes taking place in that crystallizer.

(2) It couples the kinetics to the mass balance equation, by
enabling calculation of the mass of solid produced.
Solution of the PBE requires both conversion to a discrete form
as well as numerical solution of the discrete form. Two algo-
rithms for the solution of the resulting matrix of algebraic
equations are proposed: The first solves the population balance
equations using a Newton–Raphson solver with finite-differ-
ence approximations for the derivatives, converging around a
variable related to the crystal mass and Ni for each size interval.
The second uses a successive substitution technique with root
bracketing and iterates around the suspension density. The
choice of the most appropriate algorithm depends on the nature
of the system to be modeled. A similar framework is suggested
for the solution for Type II crystallization, except that the
iteration variable is the growth rate at a fixed supersaturation
ratio.
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Notation

a � a coefficient, Eq. 54
a � component of E
A � component of A
A � parameter in Eq. 3
A � area of crystal, m2

b � component of B and E
b(l, x, s) � breakage function, m�1

B � parameter in Eq. 3
B0(s) � nucleation rate, m�3 s�1

c � component of C
c � component of E
c � solute concentration, kg m�3

c* � equilibrium solute concentration, kg m�3

d50(c) � “corrected” d50 for the hydrocyclone (Eq. 19),
�m

D � shrinkage rate constant in Eq. 23, m s�1

D(l, s) � linear rate of shrinkage, m s�1

D0 � rate of disappearance, m�3 s�1

DAB � binary diffusion coefficient (m2 s�1) in calculat-
ing kc in Eq. 9, mol m�1 s�1

Dimp � impeller diameter, m
Dc, Di, Do, Du � inside diameters of hydrocyclone, inlet, vortex

finder, and apex, respectively (Eq. 19), cm
E � number of independent reactions

f nuc(l, s) � the nuclei size distribution, m�1

fi
nuc � the discrete equivalent of f nuc(l, s)
F � component of F

G(l, s) � linear rate of crystal growth, m s�1

G0
max � maximum guessed value for growth rate, m s�1

H � specific enthalpy, J mol�1

H � Heaviside step function in Eq. 17
h � the distance from the bottom of the vortex finder

to the top of the underflow orifice in the hydro-
cyclone (Eq. 19), cm

i � a size class
Iagg � index of aggregation, Iagg � 1 � (m0/B0�)

J � number of species present
K1 � a constant in Eq. 20

knuc
ii , knuc

iii , knuc
iv , knuc

v � rate constants for nucleation, kg�1 s�1

k � a stream number
k � iteration number

ka � area shape factor
kbreak � rate constant for breakage, m�3 s�1

kc � mass-transfer coefficient, ms�1
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kgrow � rate constant for growth, ms�1

kV � volume shape factor
K � number of streams
l � particle size, m

l0 � cut size for classification, m
m � mass of crystal, kg

m0 � zeroth moment
m3 � third moment
Mc � mass of crystal precipitated, kg

Mc_calc � predicted mass of crystal precipitated, kg
Mcmax � maximum mass of solute available, kg

MR � relative molar mass
MT � suspension density, kg m�3

n(l) � number density, m�4

neq � number of size classes
ṅLT � total molar flow of liquid, mol s�1

ṅST � total molar flow of solid, mol s�1

ṅT � total molar flow, mol s�1

ṅj � molar flow of species j, mol s�1

Ne � power number (also known as Newton number)
Ni � number of particles per unit volume in size class

i, m�3

Nimp � impeller frequency, s�1

P � pressure, Pa
q � heat flow, W
q � parameter determining the fineness of the dis-

cretization
Q � flow rate of feed slurry to the hydrocyclone (Eq.

19), m3 h�1

Q � volumetric flow rate (L min�1 in Eq. 20), m3 s�1

r[n�, l, s] � density functional describing rate of destruction
of particles, m�4 s�1

r � discretization ratio, Eq. 40
r3 � rate of destruction of third moment, s�1

Ri � rate of destruction of particles in interval i; the
discrete equivalent of r[n�, l, s]

Re � Reynolds number
S � supersaturation ratio

Sc � Schmidt number
Sh � Sherwood number

S(l, s) � selection rate constant for breakage, s�1

t � time (s) and time dependency for breakage fre-
quency

T � temperature, K
umc � transform of Mc in Eq. 78

V � tank volume, m3

V � volumetric percentage of solids in the feed to a
hydrocyclone, Eq. 19

Vm � molar volume of the aqueous phase from calcu-
lated from supersaturation, m3

w � mass fraction of solute
x � mol fraction
x � particle size, m

y(l, s) � selection function or grade efficiency for classi-
fication

Vectors

A � a vector of coefficients, Eq. 57
B � a matrix of coefficients, Eq. 57
C � a matrix of coefficients, Eq. 57
E � a tridiagonal matrix, Eq. 58
F � an upper right triangular matrix, Eq. 58

Ẋ� � vector of reaction rates, mol m�3 s�1

l � list of particle sizes, Eq. 37
N � a list of particle numbers Eq. 38
� � matrix of stoichiometric coefficients

ṅL � (ṅL1
, ṅL2

, . . . , ṅLJ
) � species molar flow in the liquid, mol s�1

ṅS � (ṅS1
, ṅS2

, . . . , ṅSJ
) � species molar flow in the solid, mol s�1

ṅV � (ṅV1
, ṅV2

, . . . , ṅVJ
) � species molar flow in the vapor, mol s�1

r � location in physical space for breakage fre-
quency

s � a vector of conditions describing the solu-
tion, such as supersaturation, temperature,
etc.

x � vector of mol fractions

Greek letters

�0 � size-independent portion of aggregation rate constant, m3 s�1

� � aggregation rate constant, m3 s�1

� � Dirac delta distribution
� � diffusion layer thickness, m

	p � defined in Eq. 51
	 � error in Eq. 36
	 � specific power input, W kg�1

�w � weight percent solids in the feed slurry to a hydrocyclone, Eq. 20
� � particle size, m

�nuc � rate constant for secondary nucleation, m3 kg�1


L � kinematic viscosity of the liquid, m3 s�1

�S � solids density, kg m�3

�m � molar density of particles, mol m�3

�L � liquid density, kg m�3

� � density, kg m�3

Subscripts and superscripts

agg � aggregation
break � breakage
grow � growth

I � exponent for concentration or supersaturation in nucleation and
growth rate equations

i � size interval number
in � inlet streams
J � exponent for suspension density in nucleation and growth rate

equations
k � stream number
L � liquid
m � exponent in volume-dependent breakage rate equation

ngd � nucleation, growth, and dissolution
nuc � nucleation
out � outlet streams

S � solid
T � total
V � vapor

vap � vapor
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